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TATION, TERMINOLOGY AND INTRODUCTORY REMARKS

EFINITIONS. All graphs in these notes are finite and without loops or
ple edges. Let T be a graph. By y € T we mean that y is a vertex of T
y YIS or y € T(8) for y,§ € T we mean that {y,8} is an edge of I'. The
nality IT| of the vertex set of I' is denoted by v. For y,8 € T the us-
istance between them is d(y,8). If § € T and i GIEZ then Ti(é) stands
0<j<i Fj(é). More-
res) = F1(6) in accordance with the definition of vy € T'(§). The dia-

0
he set of vertices y with d(y,§) = i and F<i(d) for U

of T is denoted by d. To avoid trivialities we assume d > 1. For

, 8 € Fj‘(v), we write c(y,8) = II‘j_l(Y) nT, (&)1, bly,8) = IT'j+1(Y) n
I, a(y,8) = le(Y)rwfl(G)l and kj(é) IFj(é)l. If c(y,8) is indepen-
of the choice of v,8 ¢ T with d(y,$)

]

j, then we write cj instead of
) and say that e exists. Similarly with bj’ aj and kj for b(y,§),
) and kj(é) respectively. T is called distance-regular if it is connect

d a., b., c., k. exist for all j.
A R R J

Let T be a distance-regular graph. Then the ordered sequence {bo,b],
d=15 C12Cgs=esC } is called the Zntersection array of T'. Clearly,

bO and ¢, = 1. For h,i,j € Z>O’ choose v,§ ¢ T with v € I‘J.(G) and

Shi,i o !Fh(y){wFi(ﬁ)l. Then Sh,i, 3

hye Pj(ﬁ) and can be determined from the intersection array. More

is independent of the chosen v,

sely, denote by Bh the (d+1)x(d+1)-matrix whose (i,j)-coefficient

i is Sh,i—l,j—l’ then the following holds.

ROPOSITION. Let T be distance regular with intersection array {bo’bl"

1-13 cl,cz,...,cd}. Then

; = bObl"’bj—I/CICZ"'Cj’ (1
. =k-b.-c.:
J J

J
18 tridiagonal and satisfies B

IA

j£d;

By = b

has d+1 distinct eigenvalues A (0 <

+ a.B. + ¢
1 11

1
etgenvectors u, and right eigenvectors A satisfying (ui)0= (vi)0= 1.

k
a
B i-1%3-1 i+18541

B i £ d) corresponding to left

Let Ai, u, vy be as in (iv). Then (Vi)j = kj(ui)j for all i, j (0 <
i,j £ d), and the multiplicities nl(xi) of A; as etgenvalues of the

adjacency matrix of T are given by




m(xl) = V/(ui’vi)’ (0<ix<d),

where (ui,vi) 18 the standard inner product of u, and V..

For more details, the reader is referred to BIGGS [5], or to MacWILLIAMS
and SLOANE [21]. In GARDINER [19], some inequalities relating aj, bj’ c; are

derived.

0.3 DEFINITIONS. For y € T, an alternative way of denoting FSI(Y) is Yl.
Moreover, if X is a set of vertices, X" stands for YQX Yl. If T is a graph
for which a; exists, then T is the collinearity graph of a linear incidence
system whose points are the vertices of T' and whose lines are the subsets
{y,é}ll for v,8 € T with vy € T(§). These lines will be called singular lines,
cf. [8]. If the automorphism group Aut(l') of T is transitive on these pairs
Y,8 , then all lines have the same size. In general, I+s(y,8) will denote
the line size. Often, when y, § are clear from the context or when this num-
ber is independent of the chosen y,8 € I' with vy € I'(8), we shall abbreviate
to l+s and say that s exists. Moreover, h(T'), or just h when T is clear from
the context, will denote the set of all lines {y,d}Ll for vy € T(§8).

If H is a subgroup of the automorphism group Aut(l') of I' such that for
each i (0 £ i < d) the group is transitive on the set {(y,é)l Y € Fi(G)}
then H is called distance-transitive (on T'). A graph T is called distance-
transttive if it admits a distance-transitive group of automorphisms. Clear-

ly, such a graph is distance-regular.

0.4 REMARKS. One of the major goals (BANNAI [2]) in the theory of distance-
regular graphs is (or should be) to find all distance regular graphs of suf-
ficiently large diameter, or even of diameter > 12. Let K be the set of all
known such graphs. If K is all there is, a natural first step in the proof
of the desired theorems would be to restrict all feasible intersection
arréys to those arising from K, while the natural second stage would con-
sist of a uniqueness proof for the examples in K with a given intersection
array. Most likely, completely different techniques are needed for these

two steps.




So far, only very partial results are known. Representation techniques
cable in the first stage are excellently surveyed in OTT [22]. BANNAI
I0's result [4] may also be considered as belonging to this stage.

Some theorems that fall under the second stage are quoted in Section 2
'Additional properties' in the relevant subsections. Here, we restrict
e observation that once the existence of singular lines of the right
nality (s+1) is established, the uniqueness problem seems tractable.
knowledge of K is necessary to any work in this area, it is hoped that
notes may constitute relevant background material for anyone interest-

distance-regular graphs.
E KNOWN GRAPHS IN OVERVIEW

The known series of distance-regular graphs (parametrized by the dia-
) are listed in Table I. For the sake of presentation, we formulate

fact as a theorem.

1IEOREM. Let T be one of the graphs of Table 1, whose construction is
at the beginning of one of the sub-sections of Section 2. Then T s
1ce-regular and v, bj’ Cj’ kj’ s, d are as specified in the table.

ly Aut T has a subgroup as given in the table.

[ndications of the proof as well as some additional properties will be
in Section 2. The part of the theorem that applies to graph I' is re-

1 to as Theorem (T).

[n these notes we shall hardly pay attention to the matrix techniques,

involve study of the eigenvalues of the adjacency matrix and their mul-
zities and of the so-called Q-matrices among many other aspects. For

>f these graphs, the corresponding eigenvalues and their multiplicities
lepend on their intersection arrays. References to information of this

are given in 3.1.

IMARK. There are more series than those described in the theorem. For
ice, there are distance-regular graphs obtained from other distance-

ir graphs by one of the two processes folding and halving.
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juppose T' is a distance-regular graph of diameter d in which being op-
? (1.e. of distance d) is an equivalence relation. Then f, the set of
i1lence classes with adjacency §T:§ for X,V € T defined by xT'y for some
, ¥y € §, is a distance-regular graph, called the folded graph of T.

1g may be applied to the Hamming graph H of diameter d on two points,
the Johnson graph J of diameter d on 2d points or to the 2d-gon.
juppose T' is a bipartite distance-regular graph and T'' is a member of
:itioning of T into two cocliques. Then adjacency xI''y for x,y ¢ T'' de-
by x € Fz(y) turns T' into a distance-regular graph, called the halved
of T'. Halving may be applied to the graph Q+(2d,q). (Since the para-

s of folded and halved graphs are easily derived from those of the ori-
graph, we shall not discuss them.)

Jut this is not all. EGAWA [17] has shown that there are precisely
isomorphism classes of distance-regular graphs distinct from H(d,4)

{th the same intersection arrays (cf. 2.4.3).

EMARK. According to LEONARD [20], only 6 parameters are necessary to

.be the intersection array of a distance-regular graph if the corres-
1g association scheme is 'Q-polynomial'. As all the examples of the

satisfy this condition, there are more succinct ways to characterize
irameters of these graphs. However, we prefer the intersection arrays

ler to be able to restrict to the geometrical aspects of these graphs.

i KNOWN GRAPHS IN MORE DETAIL

'he Johnson Graphs and the 0dd Graphs

DEFINITION. Take X to be a finite set of cardinality n > 2d. The
m graph J (of diameter d on X) has vertex set (g), the collection of

iets of X. Two points x,y of J are adjacent whenever xny has cardinal-
-1,




2.1.2. PROOF OF THEOREM. (J) is straightforward. Note that x e Ji(y) iff
¢ny has cardinality d-i. [

\ADDITIONAL PROPERTY.

1

Aut (J) = Sym(X), the symmetric group on X, unless n = 2d;

Aut (J)

e

2.8ym(X) 2f n = 2d.

’ROOF. For d=1 there is nothing to prove. Supposen>2d>2 and use induction

m d. Form a new graph A on the (dEI) cliques of size n-d+ 1, in which

‘wo distinct such cliques a, B are adjacent whenever an B is a singleton.
‘hen A is isomorphic to the Johnson graph of diameter d-1 on X so by induc—
:ion, Aut(d) z Sym(n). On the other hand, if an automorphism of J stabilizes
111 (n-d+1)-cliques of J, it fixes all vertices of J, for the singleton on
:ach vertex of J occurs as the intersection of a pair of (n-d+1)-cliques.

-t follows that the natural morphism Aut(J) - Aut(A) is injective. Since
sym(X) < Aut(J), comparison of orders leads to the desired isomorphism be-
:ween Aut(J) and Sym(X).

In the case where n = 2d, the graph A of above has twice as many ver-
:ices. They fall into two components each of which is isomorphic to the
Johnson graph of diameter d-! on X. This implies Aut(J) = C2><Sym(X) as
ranted. []

'.1.3. ADDITIONAL PROPERTY. Let A be a connected graph on (2) vertices, re-
sular of degree d(n-d), such that for any v,8 € A we have a(y,8) = n-2 if
e A(S) and !{ygé}l] < 4 if v # A<}(d), If n > 2d(d-1) +4, then A = J.

'ROOF. See DOWLING [16]1. 0

Brouwer has announced a relaxation of the lower bound for n in terms
>f d. MOON [30] has recently proved uniqueness of distance-regular graphs

. 1
shose intersection array is that of a Johnson graph for n > §~(l4d-¥10).

2.1.4, Though the following theorem is not quite a characterization by para-

neters, it is of sufficient interest to be mentioned here.




IM. (SPRAGUE [26]). Let T be a connected graph in which a collection m
stmal cliques exists such that the following axioms hold:

Each edge {v,8} of T is in a unique member of m;

If LysLys MMy e mand v € T such that LnL, = {y} and v ¢ LifwMjaéﬂ
for all i,j € {1,2} then M, nM, # 0;

If {vy,8} 28 an edge of T and T,n € {y,cS}l are distinect points not in
the member of m containing {y,8}, then ¢ € T'(n);

If Yy e T and M € m, then eitther vy € M or lylerl e {0,2}.

hen T' is isomorphic to a Johnson graph.

. DEFINITION. The 0dd Graph O of diameter d on X, where X has cardinal-
= 2d+1 is defined on the points of the Johnson graph J on X, with ad-

'y given by Yy0d <= vy ¢ Jd(G) for any v,8 € O.

. PROOF OF THEOREM (0): straightforward. Note that vy € Ozj(é) iff

i(6) for j € {0,1,...,1Ld/21} and that vy € 02j+](6) iff v € Jd_j(S) for
)51,...,Ld-1/21}. The maximal cliques of O are edges (and O has girth
l 2 3), so that {Y,6}ll = {y,8} for any y € O and § € O(y), proving

O

ADDITIONAL PROPERTY. The algebra generated by the adjacency matrix of
icides with that of J, and Aut(0) = Aut(J) z Sym(X).

‘he g-Analog of the Johnson Graphs

DEFINITION. Set V = FZ, where n = 2d, and q is a prime power. The q-
r of the Johnson graph, denoted Ja, on V of diameter d has vertex set
‘he collection of linear subspaces of V of dimension d. Two points X,
a are adjacent whenever dim XnY = d-1. A linear subspace of V of di-

m m is called an m-space (of V). Write [g] for the number of m-spaces

LEMMA
[g] = Ilnr;r(]) (@™ -q") /("¢

If X is a j-space of V, then #{Y ¢ V|Y is an i-space of V and
XnY = 0} = ¢" 7.




ii) If X is a j-space of V, then

#{Y c V| Y is an i-space and XnY is an m-space}

(1—m)(3 m) n- J][J]

1—mm

) There are ﬂ?_ (q —q ) ordered m—tuples of linearly independent vec-—
tors in V, and ﬂm (q -q ) ordered bases of any m-space.

L) Given an ordered 1—tup1e of linearly independent vectors in V/X there
are qij==#Hme, (V/X,X) ways to lift this i-tuple to an i-tuple of
linearly independent vectors in V.

ti) Given an m-space Z of X, we have
#{Y ¢ VI Y is an i-space, YnX = Z}
= #{Y c V/Z[ Y is an (i-m)-space, (X/Z)nY = 0},

while the latter number is q(ldm)(J m)[n J] by (ii). In view of (i),

there are [J] such subspaces Z. []

!.3. PROOF OF THEOREM. (Ja). Clearly, X,Y € Ja have distance j if and only
dim(XnY) = d-j. Note that PI'L(n,q) is a subgroup of Aut(Ja). As I'L(n,q)

transitive on orderedbases, it follows readily that T is distance-
insitive.

In order to obtain b(j) and c(j), fix X,Y € Ja with X € Jaj(Y). Note
it Z € Ja is in Jaj_l(X) n Ja(Y) iff XnY ¢ Z ¢ X+Y, dim XnZ=d-j+! and
1YnZ = d-1. Calculating in X+Y/XnY, we see that the number of such Z,
.ch is c(X,Y) by definition, equals the product of the number of 1-spaces
X/XnY and the number of (j-1)-spaces of Y/XnY. This yields that c. =
LY) = [J][ J ] as wanted. By (2.2.2(iii)), k. J2[n d][d] In view of
yposition 0 2 this determines b. ’

Let us now determine the cardinality s+] of singular lines. Suppose

:Ja and Y € Ja(X). Then




{X,Y}' = {Z eJa| Z < X+Y} v {Z eJa| Zn (X+Y) = XnY}.
llows that
11
{X,Y}"" ={U eJa]US X+Y and UnX, UnY 2 XnY},

cardinality q+1, proving s = q. [

1

., ADDITIONAL PROPERTY. If n > 2d, thenAut(Ja) @ PTL(n,q). If n = 24,

ut(Ja) ¢ Aut PIr'L(n,q), the latter group being an extension of PTL(n,q)

jree 2.

. In general, Ja has maximal cliques of sizes [n—?+1] and [dTIJ corres-

1g to the d-spaces containing a given (d-1)-space and the d-spaces con-
1 in a (d+1)-space respectively. Let A be the set of all these cliques

irn A into a graph by defining C € A(D) for C,D € A iff |CnD| = 1.

\ has two connected components Al, Az associated with the above parti-

1g of cliques in two classes. If d = 2, the points of Al, A2 correspond
: projective points and planes respectively ot the projective space on

:lassical result of projective geometry [15], yields that Aut Al =

: ~ PI'L(n,q).

£ n>2d =2 4, then Aut(Al) ~ Aut(A) ~ PT'L(n,q) and we are done. If

l 2 4, any polarity interchanging projective points and hyperplanes

; an additional involution of Aut(Ja) and hence of Aut(A) interchanging

l AZ. It is well known [15] that the group generated by PTL(n,q) and

1 polarity is the full automorphism group of PI'L(m,q). This settles the
.onal property. [J

No characterization of Ja by parameters is known to the author. The
ring result might serve as a first step in this direction. It is an
red version of Cooperstein's Theorem A in [8]. We recall from [8] that
vh T (together with its collection of singular lines) is called a
space if erwL # @ for any vy € T and (singular) line L. A polar space
:alled nondegenerate if Yyt # T for any vy € I and a generalized quadran-
! each line is a maximal clique. A singular subspace A of T is a cli-

such that |LnA|l = 0,1, JL] for all singular lines L. Finally, the
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rank of a polar space is the maximal number k such that there exists a

chain @ = AO ¢ A] g ceo & Ak of singular subspaces in T.

THEOREM. ([7]). Let T be a connected non-complete garph in which all
stingular lines have at least three points. Suppose that {Y,S}l 18 a non-
degenerate generalized quadrangle for any v € T and 6§ € T (Y) and that
ly nL | # 1 for any v € T and singular line L. Then T <is eﬁther a polar
space of rank 3 or one of the graphs Ja.

2.3. Dual polar spaces

2.3.1. DEFINITIONS. In the sequel q, r are prime powers. Let V be one of the

following spaces equipped with a form.

Cd(q) = ]Fid with a nondegenerate symplectic form.

Bd(q) = E2d+l with a nondegenerate quadratic form.

Dd(q) ='F§d with a nondegenerate quadratic form of Witt index d.

2 _ o2d42 . o
Dd+1(q) = EA' with a nondegenerate quadratic form of Witt index d.
2A2d(r) = F§d+1 with a nondegenerate hermitian form (q = rz),

2 2d . 2

I
a]
~

A2d—l(r) = Eﬁ with a nondegenerate hermitian form (q

3ackground on these spaces and their forms can be found in [15]. The spaces

- ’ 2 2 2
30(@)s Bg(@), Dy, Dy, (@), ‘A ), Ay,

2(2d+1,q), Q+(2d,q), Q (2d+2,q), U(2d+1,r) and U(2d,r) respectively.

A subspace of V is called isotropic whenever the form vanishes complete-

(r) are often named Sp(2d,q),

ly on this subspace. Maximal isotropic subspaces have dimension d (in other
tords, are d-spaces of V). The dual polar graph E (of diameter d onV) has for
rertices the maximal isotropic subspaces. Two points X, Y of E are adjccent
Lff dim XnY = d-1.

Let e be 0, 0, -1, 1, 4, =} in the respective cases Cd(q), Bd(q), Dd(q),

) 2 2
Pas1 (W5 “Ayq(¥)s “Ayy (1)

2.3.2. LEMMA.

(1) The number of isotropic l-spaces in V is [d]( d+e+1).

(ii) The number of isotropic k-spaces in V is [é] ?ﬁé (qd+e"~1

+1).
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jee [11.

‘or k = 1 the formula is that of (i). Let k > 1. The number of isotro<=
»ic k-spaces of V containing a given isotropic (k-1)-space W is

.d= + - . . . .

_d k+1](qd e+l k+1) according to (i). By induction, there are

; d] kﬁ2 d+e-1 . . . k
'k—lj ;0o (q +1) such W. As each isotropic k-space contains [1]
such W, the desired number is

d-k+1.  d+e+l-k d =2 , d+e-i k
A T #0415 @Rt

yroves the lemma. [

., PROOF OF THEOREM (E). First of all, v results from (2.3.2.ii) upon

(tution of k = d. Distance in E is as inJa: X,Y € E are of distance j

im (XnY) = d-j. In view of Witt's theorem [15], E is distance-transi-

faking X,Y € E at distance j, we obtain Cj as the number of (d-1)-spaces
rontaining XnY, since to any such (d-1)-space U corresponds the maxi-
sotropic space U+U 0 X in Fj_l(X) n I'(Y). This yields cj = [jilj = [2].
Ve shall now compute bj as b(X,Y) for X,Y € E at distance j. Suppose

X) n Ej+l(Y)' Then dim XnZ = d-1 and dim(YnZ) = d-j-1, so dim(XnYnZ) =
. On the other hand, if U is a (d-1)-space in X such that UnY is a
|)-space (there are [?] - [%] such spaces U), there are qe+] maximal
)pic spaces Z with ZnX = U as qe+l-+l is the number of isotropic 1-
sof V/Uby (2.3.2.1). We claim that any such Z satisfies dim(ZnY) = d-j-1.
f ze ZnY, then XrWZ-FXr1Y4-EAz is an isotropic space containing X,
: X by maximality of X. Thus ZnY = XnZnY = UnY is of dimension

as claimed. It results that Z € E(X) n Ej+1(Y) iff ZnX is a (d-1)-
and ZnXnY is a (d=j-1)-space and that b, = |E(X)nE. ,(Y)]| =

dq ] _ j+e+l.d-j . 11 . L. j*l .

.1]-[1]) =q C 1 J. Finally, {X,Y} ~ for distinct collinear X,Y
sts of the maximal isotropic subspaces containing XnY. Therefore l+s
> number of isotropic l-spaces of V/XnY, which is qe+l-+1 as we have
vefore. Thus s = qe+]. O

. ADDITIONAL PROPERTY. If d > 2, then Aut(E) =~ PIp(2d,q), Pro(2d+l,q),
’d,q), Pro (2d+2,q), PTU(2d+1,r), PTU(2d,r) in the respective cases




12

2 2
E = C4(a), By(a), Dy(@, Dy, (@), ‘A (0), “Ay, ().

PROOF. E determines the underlying polar space (cf. [6]) uniquely, so that

Aut(E) is the full group of automorphisms of this polar space. The result

is therefore a consequence of Theorem 8.6 in [29].

2.3.5. DEFINITION (SHULT & YANUSHKA [24]). A distance-regular graph T of

liameter d is called a regular near 2d-gon if the set h of maximal cliques

in T has the following properties:

(1) Each L € h has cardinality a]4-2 (here, a, is defined as in (0.2)).

(ii) For any v € T and L € h, there is a unique ¢ e L such that d(y,z) =
min6€L d(v,8).

Note that (i) can be rephrased as h = {{Y,é}ll!y e T, § e T(j)}. The
nembers of h in a regular near 2d-gon are called Zines. Thus the lines of

such a graph are nothing but the singular lines defined in (0.3).

2.3.6. LEMMA. Let T be a distance-regular graph (with intersection array
[bo,bl,...,bd;cl,cz,...,cd}, as always) such that s exists and s = al-+2
‘ef. 0.3). Put cg = 0. Then T is a regular near 2d-gon iff b, = s(cd—ci) for

:ach 1 ¢ {0,1,2,...,d}.

’ROOF.The existence of s is equivalent to property (i) of a near 2d-gon.

Let T be a regular near 2d-gon. Assume first that y,8 € I' are of dis-
:ance d (the diameter of T). Then any line through & must have a unique point
f Fd_l(y), Since any point of Td_](y) n I'(8) determines a unique line
chrough §, there are cq lines through §. It follows that there are cq lines
‘hrough any point of T'. Now assume that y,§ € I' are of distance j (I<j<d).
\ny line through 8 either has a unique point in Fj_l(y) or has no points in
‘Sj(Y)\{ﬁ} at all. There are Cj lines through § bearing a point in Pj_](y)

by the same argument as before for j = d). The remaining lines, c —cj in

d
wmber, therefore account for all points in F.+1(y) n I'(§). It results that

J
)j = s(cd—cj).
In order to obtain the reverse implication, assume bi = s(cd—ci) for
111 1 € {0,1,2,...,d}, and let y € T, § ¢ Fj(y). By induction on j we show
‘hat there are Cj lines L through 8§ such that anPj_l(y)[ = 1 and that

.nP<j(y) = {8} for the remaining lines. Clearly, this establishes (ii) of
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and hence the lemma.

'or j = 1 the line L = {Y,S}ll is the unique one on 6 with [LerO(y)|=
-eover, er1L = {8} for any other line L on § by construction of lines.
.t j > 1. First, suppose that L is a line on S such that ¢, n are dis-
points of Lerj_l(y). By induction, the fact that L is a line through
1 {z,n} ¢ Tsj—Z(Y)n L implies that Lrlrj_3(y) # 0. Thus there is

3‘3(Y) n I'(8§), conflicting d(y,8) = j.

’he conclusion of that the cj points of Fj_l(Y) n I'(§) correspond to
itinct lines L on § with L n Fj_l(y) # 0. These lines have all together
) points in Fj(y) n T(8). But aj = bO--bj--cj = cj(s-l), so they are

: Fj(y) nT(S). It follows that L n st(Y) = {8} for any line L on &

. N Fj_l(y) = . This proves the lemma. []

ADDITIONAL PROPERTY. Let a, 2 1 and d 2 3, and suppose ' is a distance-

ir graph of diameter d in which the singular lines have size a + 2. If

the same intersection array as E, where E is a dual polar space on
qQ, 2A2d(r)’ 2A2d—1(r)’ then ' ¥ E, If T has the same intersection

as the dual polar space E on Cd(q), then T o~ Cd(q) or Bd(q).

(sketch). In view of 2.3.6, any distance-regular graph I' with the
mentioned properties is a regular near 2d-gon. Thus the result fol-
‘rom the CAMERON-SHULT & YANUSHKA Theorem [6] and the classification
.ar spaces of rank >3 [29], once we have shown that any point is 'class-
with respect to any 'quad' in the terminology of [24]. But this follows

‘he equalities c.

iv] = ci(cz—l)-Fl for i € {1,2,...,d-1} as we shall now

Lo
et Q be a quad and let vy ¢ T with d(y,Q) = i. It is shown that vy is
cal with respect to Q by induction on i. If i = 0, there is nothing
ve, if i = 1 this follows from the (geodesical closure) property of

: Iyan] <1,

et 1 > 1 and assume all points of Fi(Q) = {§ ¢ QI d(s§,Q) = 1i} are

cal (with respect to Q). Denote by p(8) for § a classical point, the
: point in Q nearest §.

'‘ake § € Fi(Q). Then there are c; lines L with L n Fi_l(Q) # @, namely
with L n Fi_l(p(G)) # 0. We claim that § is on cz(ci+l—ci) lines con-

.inFi(Q)and oncd—ci+zlines L having classical points only for which
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L n Fi(Q) = {§8}.
To establish the first part of the claim, note that any line L in Fi(Q)
letermines a unique line p(L) in Q on p(8) and that any line in Q omn p(§)

(there are c, such lines) determines c; c. lines on § in Ti(Q).

+1
The second part of the claim follows from the observation that for fix-
ed n € Fi+2(6)r1Q = Fz(p(é))er, the lines L through § having classical
points only and satisfying Leri(Q) = {8} are exactly those for which L n
i+2) =cy lines
t.rough 8, all bearing points classical with respect to Q. Since § was arbi-

Fi+1(n) = f. So far, we have found ci-kcz(ci+]-ci)-+(cd—c

trarily chosen and T is connected, it follows that vy ¢ Pi+1(Q) is classical,

too. This finishes the proof. [

2.3.8. REMARK. The proofs above show that the intersection array of a regu-

lar near 2d-gon I' which is a dual polar space is determined by aps ¢, and d.
(Recali+fhat Cipp = (cz—l)ci-+1 and bi = (al+1)(cd-ci).) Since c, = g+ 1 and
2, =4 -1, this explains the unifying role of e in the above treatment of

lual polar space.

2.4. The Hamming graphs

2.4.1, DEFINITION. Take X to be a finite set of cardinality q = 1. The
Jamming graphs H (of diameter d on X) has vertex set H = igl X, the cartes-—
ian product of d copies of X. Two points x, y of H are adjacent whenever

they differ in precisely one coordinate.

2.4.2, PROOF OF THEOREM. (H): is straightforward. Note that x € Hi(y) iff

k and y differ in precisely i coordinates., []

2.4.3. ADDITIONAL PROPERTY. If q # 4, then H is the only distance-regular

graph (up to isomorphism) whose intersection array is that of H. For q = 4,

there are precisely [d/2] (isomorphism classes of such graphs other than H).

PROOF. See EGAWA [17]. In the first (and hardest) part of the proof the
lines {x,,y}J"L are shown to have size s+ 1 = q. Then Lemma 2.3.6 can be ap-
plied. It remains to show that a regular near 2d-gon I with s = g -1 and

2y = i is isomorphic to H. We shall describe how this can be done.
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A map A: T -~ H is set up, which is to be interpreted as a labelling
nd which will eventually turn out to be an isomorphism of graphs. Choose
'in T and define A(0) = (0,0,...,0). Let Ll’LZ""’Ln be the lines through

. <'< = -
I, and label the points of Li (1<i<n) such that X(Li) {(aj)]stnl a; 1
nd aj = 0 for j # i}. For each point vy ¢ Fj(O), let S(y) denote T'(0) n
(y) and label y with A(y) = ZGES(y) x(8).

By induction on j = 2, it can be shown that

j-1

) For each § « Hj(O) there is v € Fj(O) with § = A(y).
) For each vy € Fj(O) and § € Pj_l(O), the relations vy € T(§) and S(y) 2

S(8) are equivalent.
) Yy € T(8) iff A(y) € H(A(S)) for all v,8 € Tj(O).
This suffices for the proof. [J

-4.4. ADDITIONAL PROPERTY. Let q = 2 and let d be even. The graph H' defined

n the points of H by vy € H' (§) = v ¢ Hd_l(ﬁ), is isomorphic to H.

ROOF. Note that H' is bipartite; its parts consist of the points of even
eight and odd weight respectively, where weight is the distance in H to a
ixed point of H. Replacing the points of odd weight by their (unique) op-

osite point, leads to an isomorphism from H' to H. []

.5. The g-analog of the Hamming graph

.5.1. DEFINITION. Take n > 0. Let Ha be the vector space of dx(n+d)-matrices
ver Iﬁr The underlying set is turned into a graph by defining v,8 ¢ Ha to
e adjacent whenever rk(y-§) = 1, where rk stands for the rank of a matrix.

his graph is called the q-analog of the Hamming graph on d x (n+d)-matrices,
nd will be denoted Ha, too.

?

-5.2. PROOF OF THEROEM (Ha). Clearly, v is the cardinality ofiFd(n+d)
= qé(n+d). Translations of the vector space are automorphisms ;; the graph,
s are left (right-) multiplications by invertible dxd-matrices ((n+d) x

n+d) -matrices). Any field automorphism applied to all coefficients of a
atrix leads to a graph automorphism. This explains the existence of a sub-
d(n+d)(GL(d

roup of the form TF ,q)><FL(n+d,q)/IF:) of Aut(Ha). Notice that

€ Ha<i(0) iff rk(y) < i. It follows easily that Ha is distance-transitive

nd of diameter d.




In order to calculate k, bj’ Cj and s, we set § = 0, the dx(n+d) matrix
rith all entries 0. Observe that any matrix of rank 1 can be written as xyT,

+
there x ¢ ]Fd\-{O} and v € IFZ d\{0}, and that xyT = xlle for nonzero x,x, €

+ . . . .
Fg' and ¥s¥; € IFZ d implies the existence of a nonzero A ¢ ]Fq for which

1
D= Axl and y = X_Iyl.

Thus, k, being the number of dx(n+d)-matrices of rank 1, equals (qd—l)
/@D,

Next, let vy be the dx(n+d)-matrix of rank j whose first j diagonal en-
ries are 1 and all whose other entries vanish. Necessary and sufficient for
L€ Hal(O) to sgtisfy rk(z+y) = j+1 is that gg’m # 0 for some %2,m > j.
herefore,

Hal(O)\Haj+](y) {¢ ¢ Ha1(0)| Cl,m 0 for all 2,m > j}

{z € HaI(O)I 4 0 for all m and all ¢ > j}
% ,m

(e

{z € HaI(O)I C = 0 for all 2 and all m > j}.
2,m

low both constituents of the union in the right hand side can be seen as
ets of matrices of rank 1 of given dimensions, and so does their intersec—
ion. Applying the above formula for k (with appropriate dimensions) to

hese three sets as well as to Ha](O), we get:
@41 (@ 4-1)/ (a-1) ~b, -
= (-1 (@M1 /(=1 + (@F-1) (@d-1) 7 (@-1) - (-1 (1)

'his leads to the desired formula for bjﬂ
In order to determine Cj’ let ¢ € HaI(O) have the form ¢ = XyT. For ¢

o be in Haj—l(Y)’ it is necessary that Coom = 0 whenever £ > j or m > j.

3
'hus we assume that x_ = Y, = 0 for all 2,m > j, so that in fact x,y € Eg

L
identified with the subspace ofimi, and of IF2+d, on the first j basis

ectors). Now such a ¢ = xyT for nonzero x, y is in Haj_](y) iff det(xyT-—

j) = 0. Given x eiFJ\{O}, the number of y eiFé satisfying this (linear)

j-1

.quation is q (the cardinality of a hyperplane of Eé). Since
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11(0) n Haj_l(y) determines x uniquely up to a nonzero scglar @ultiple
7ice versa, as we have just seen), it follows that cj = qJ_l(qJ—l)/(q-l)
1ish by computing s. Put j = 1, so that Y11 is the only nonzero entry
Then {O,Y}l = {¢ ¢ Ha | Cij =0 for i,j > ;} so {O,Y}ll = FqY has
1ality q. Thus s = q-1. [0

he alternating forms

., DEFINITION. Set V = FZ and let Alt stand for the n(n-1)/2-dimensional
¢ space of (bilinear) alternating forms on V, and let d = [%J. Thus

Lt iff f 'is a bilinear form on V and f(x,x) = 0 for all x € V. The

of alternating forms (on V), denoted by Alt too, is defined on the

s of ALt by v € Alt(S8) for y,8 € Alt whenever rk(y-8) = 2. Here, rk(y) =
/Rad v), where Rad vy = {x € V| y(x,y) = 0 for all y € V}. If v € Alt

is a subspace of V, then y|U denotes the form induced on U by ¥.

. LEMMA. Let v,8 e Alt.
ad ¥y n Rad § = Rad vy n Rad(y-§).
ad vy + Rad § = V= Rad vy n Rad 6§ = Rad(y-§).

. Straightforward. [

. LEMMA. Let v,8 € Alt and suppose rk(y) = 2j and rk(8) = 2. Let W be
>lement of Rad v in V and write U = Rad(y-8) n W. Then

k(y-6) = 2(j+1) <V = Rad y + Rad §.

‘k(y=8) = 2(j-1) < Rad y < Rad § and rk(y|ju) = 2.

suppose rk(y-§) = 2(j+1). Then by (2.6.2i) and the hypotheses on ranks,
1r-2(j+1) < dim(Rad vy n Rad 6) = dim(Rad(y=§) nRad §) < n-2(j+1),
shence dim(Rad vy +Rad §) = 2n-rk y-rk § —dim(Rad vy n Rad §)
:2n-2j-2-(n-2j-2) = n, so that Rad y + Rad § = V. Conversely, if

" = Rad vy + Rad §, then Rad(y—§) = Rad v n Rad § by (2.6.2ii), so that

{ad(y-8) is of dimension

dim(Rad y) + dim(Rad 8) -n = n-2(j+1).
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This establishes (i).
(ii) Suppose rank(y-8) = 2j -2. Then, by Lemma 1(i) and the hypotheses on
ranks, n-2j S‘dim(Rad(Y—G)r\Rad §) = dim(Rad ynRad §) < n-2j, whence

Rad ynRad § Rad vy so that Rad vy ¢ Rad §. Moreover, 2 = dim(Rad(y-8)/
Rad v) = dim(Rad(y-8) nW) = rk(y|U).

Conversely, if Rad vy ¢ Rad § and rk (y|U) = 2, we have Rad v = Rad vn
Rad § = Rad(y-S§) n Rad y so that Rad(y-§) 2 Rad y. But the latter

two subspaces do not coincide as U ¢ Rad y. Since dim Rad § = n- 2, it

follows that rank(y-§) = dim Rad y+2 = n-2j+ 2, as wanted. This ends

the proof of the lemma. [J

2.6.4. PROOF OF THEOREM (Alt). First of all, notice that vy ¢ Altj(é) for

r,8 € Alt iff rk(y-8) = 2j. Thus Alt has diameter d. Moreover, the group

lFn(n—])/2
q

vay as in the previous section: the action of the group GL(V) =GL(n,q) ony is

* (GL(n,q)/{£1}) can be seen as automorphism group in much the same

ziven by (gy) (x,y) = y(g_lx,g_ly) for g € G (x,y € V). As a result, T is
listance-transitive and we may compute bj’cj’ s as b(0,8), c(0,8), s(0,68)
for a single appropriately chosen § ¢ Alt.

Computation of bj' Let v € Altj(O). By (2.6.3ii) any § ¢ Altl(O) n
&ltj+](y) leads to an (n-2)-space Rad § of V intersecting Rad y in an
(n-2j-2) -space. Conversely, if U is an (n-2)-space of V such that Un Rad ¥y

ts an (n-2j-2)-space, then there are (q-1) forms § ¢ Altl(O) with U = Rad §.
4j[ n-2j
9 n-2j-2
-1)/(q"~1) as wanted.

\s the number of such (n-2)-spaces is q
47, n-27 n-2j-1
. = q (¢ -1

J
Computation of cj. Let v € Altj(O), and let W be a complement of Rad vy

] by (2.2.2iii), we get

in V. By (2.6.3.1i) each § ¢ Alt](O) n Altj_](O) determines a 2-space U of
V with rk(y|U) = 2. On the other hand, if U is a 2-space of W with rk(y|U) =
!, then 8§ € Alt given by §|U = v|U and Rad § = {v ¢ V[ Y(v,U) = 0} is the
mique form in Altj—l(Y) n Altl(O) with 8§|U = y|U. Thus cj is the number of
onisotropic 2-spaces of W with respect to a nondegenerate alternating form.
Since dim W = n-2j, it results from (2.3.2.ii) that this number is
1- 03y @ = 7P /@7, vhence e
Computation of s. Let y be the form in Alt given by y(x,y) = XYy " X5,
or x = (Xi)lsiSn’ y = (yi)lsiSn in V. Now {O,Y}l = {§ ¢ Alt](O)! dim(Rad § n
jad v) = n-3}, so that for any § € {O,Y}L\Ide,we have & ¢ {O,Y}L,

23
)
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juently, {O,Y}ll = IFqY (note that Iqu-g {O,y}ll), whence s = q-1.
lhis settles Theorem (Alt). [

[he hermitian forms

, DEFINITION. Set V = Fi, where q = r2 for r a prime power, and let
cand for the dz—dimensional vector space over IFr of the hermitian

on V. The graph of hermitian forms, also denoted by Her, on these forms
fined by y € Her(8) for y,§ € Her iff rk(y-8) = 1. Here, rk vy and

are defined as for Alt in (2.6.1).

. PROOF OF THEOREM (Her). As all arguments run parallel to those of

cevious section, the proof is left to the reader. [J

[he quadratic forms

., DEFINITIONS. Set V = FZ. A quadratic form on V (over Eﬁ) is a map
> IFq such that

vy(Ax) = Azy(x) for all X € ]Fq and x € V
ich that BY: VxV -~ Iﬁl defined by

BY(x,y) = y(x+y) - v(x) - v(y) (x,y € V)

yilinear form (the bilinear form assoctiated with y). Let Q denote the
)/2-dimensional vector space of all quadratic forms on V. The radical
denoted by Rad Yy, is defined by Rad vy = {x € Rad BYI y(x) = 0}, where,
irse, Rad BY is defined as in 2.6.1. We observe that Rad BY = Rad vy if
>dd and that dim(Rad By) < dim(Rad yv) + 1 in general (cf. [15]). The

>f Y € Q, denoted rk y , is the number rk vy = dim(V/Rad y). The graph
wdratic forms on V has vertex set Q; adjacency for y,8 € Q is defined
(y=8) e {1,2}. This graph will be denoted by Q.

[n the proof of theorem (Q), we need a partial subgraph Q' of Q whose
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vertex set coincides with Q. Adjacency for v,§ € Q' is defined by rk(y-§) =
1. Obviously, Q is determined as the graph obtained from Q' by letting
Y,8 € Q be adjacent iff y e Q;z(ﬁ)\{é}.

2.8.2. LEMMA. Let v,8,;z € Q. Then
(1)  rk(y=8) + rk(8-z) = rk(y-t)
(ii) Rad y n Rad § = Rad y n Rad(y-§).
(iii) Rad BY n Rad B, = Rad BY n Rad B

8

(iv) Rad BY4-Rad B6 = V = Rad B(y—é)

(v=-8)°
= Rad B nRad B..
Y 8

PROOF. Straightforward. []

2.8.3. LEMMA. Let q be even. If v,8 € Q satisfy rk(y+§) = 2j-2, rk § = 2
and rk vy = 2j -1, then Rad BY n Rad 6§ = Rad v.

PROOF. Suppose x € Rad BY n Rad 8\Rad y. Then x € Rad B \Rad (y+68), hence

rk (y+§) is odd. This conflicts with the fact that y-FG(Igéin alternating
form. Thus Rad BY N Rad § ¢ Rad y. As rk § is even, rk § = rk Ba, so that
dim(Rad BYr1Rad §) € {n-2j, n-2j+1}. But if dim(Rad BerRad 8§) = n-2j, then
Rad BY4-Rad B6 = V; thus (2.8.2.iv) yields

n-2j+2 = dim Rad(y+§) < dim Rad (B ) =

(y+6)

= dim(Rad BerRad BG) = n-2j,

which is absurd.
The conclusion is that dim(Rad BYr1Rad ) =n-2j+1 = dim(Rad v),
whence Rad BY n Rad § = Rad v. [J

2.8.4, LEMMA. The group G = Fg(n+l)/2 x (TL(V)/{£1}) Zs a transitive sub-

group of Aut(Q') whose stabilizer TL(V)/{%1} of the origin O has precisely
two orbits in QQ(O) for 0 < m < n, except for q s even and m is odd, when
there is only one orbit. A representative form of each of these orbits is

6m o for e =+ if q is even and m is odd and e € {-,+} otherwise where 8§ o

3 3

ts given in Table II.




TABLE II

Representative forms of orbits in Ql;l(O) under G for me {23j-1,2j}

. 8, . 8, . S, .

62.]—1 >+ 2j-1,- 2j,+ 23,-
odd j—lx X +x2 J_lx X +>\x2 % X,.X % X, .X

q X, _ > S . Xoi 1l i X0i

21 2i72i-1 "23-1 o1 2i72i-1 2j-1 =1 2i72i-1 is1 21721

jil i g

q even Xy Koe 1¥X,. _ Ko:Xoe XXy

im1 2i72i-1 723-1 i1 2i72i-1 o1 21721i-]

x2—>\ irreducible if q is odd
A e F satisfies{
d Ax” +x+ A irreducible if q is even

.8.5. SKETCH OF PROOF OF THEOREM (Q) (EGAWA [18]). As

f Aut(Q), the group G of 2.8.4 is a group of automorp
s harder to deal with than the previous ones as Aut(Q)
ransitive (see 2.8.7). At any rate, Aut(Q) is transiti
ts degree k is IQ}(O)I + IQé(O)I. Since the number of

ank 2 on a 2-space is qz(q—l), we get k = (qn—1)4-[;]q

1) (qP-1) /(q%-1). Now v € Q.(8) iff rk(y=8) e {23,

2.8.2.1) so Q has diameter d = [B%l].

Moreover, k = b(0,8) + a(0,8) + c(0,8) for § € Q,
lish that Q is distance-regular, it suffices to show t
re independent of the chosen § ¢ Quadm(O) for all m <
he numbers b(0,8) and ¢(0,8) are determined by the val
(O’Gm,e) for Gm .

3
esults from Lemma 2.8.6 below.

as in Table II. Thus the fact that Q

Finally, it is easily checked that {0,6}ll = Fqﬁ
0,6}ll = {0,8} for § ¢ Qé(O), where L is taken with re
(v,8) € {q-1,1} for 6§ € Q;(v). [

21

) is a subgroup
of Q. This case
't distance-

+ Q is regular.

tic forms of

in view of

order to esta-
0,8) and c(0,8)
view of 2.8.4,
O,Gm’e) and

stance-regular

€ Qi(O) and
to Q. Thus




TABLE III

L2251, bl b=2
2j-2, 2j-4_
h=2j-3 0 -4 D)
q -1
h=2j-2 q*37? 47 (P
4j, n-2j_ n-2j+1_
ho= 2541 0 q - (q ;)(q D
A -1
h=2j+2 0 0
&R(SZj,e) g =1 % =2
h =2j-3 0 0
2j-2, 2j_
h=2j-2 0 - {97
q -1
. 2j, n-2j 2j, n-2j 2j
h=2j+1 a3 ("1 (@I (-1
4j+2 . n=2j_ ., n-2j-1_
ho=2j+2 0 q (q 21)(q 1)
q -1

8.6. LEMMA. For % € {1,2}, h e {2j-3,23-2,2j+1,2j+2} and § € {Szj_
- - ' 1
. E} where € € {-,+}, put dh’l(S) ]QQ(O)rlQh(G)l.

S

l,e’

Then dh Q(G) is as given in Table III.
8
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'ARTTAL PROOF. All zero entries in Table III are explained by (2.8.2.i).

ince the proof of this lemma consists of numerous steps, many of which are

mch alike, we shall restrict to the case where q is even and § = 62j—1 4+

et thus q be even and § = § . Take e ,e a linearly inde-

2j-1,+ 2228251

endent set of vectors in V such that

2
*2i%2i-1 * ¥25-17

nd let W be the (2j-2)-space spanned by e We shall determine

,ez,...,e2J oy
2 3 2(6) first. Suppose that vy € Q2(0) n Q2 3(6) Then rk(y) = 2,

(Y+5) -4 and rk B6 = 2j-2, so Rad B5 Rad BY by (2.6.3.ii). Also,
y Lemma (2.6.3.11), B corresponds to a 2-space U of W which is not iso-
ropic with respect to By; and conversely any such U determines BY uniquely

y rk BY = 2 and v|U = §|U. Given U, there are q2 choices for y such that

o _ . .2,
k vy = 2 and BYIU = BGIU' This proves that d2j—3,2(6) is q~ times the number
f 2-spaces in a (2j-2)-space that are isotropic with respect to BSZj—Z +
5

herefore,

- 232 j=1q,..3-1 j-2

dys3,2® = 2@ 21- 151103740 (@7 P)
21-2, 23-4
R CRR DV CRD

v (2.3.2.11), as wanted.

We shall now verify the formula for d (8). Suppose vy € Qi(O) n

2j-2,1

] = = =
5 _2(6). Then BY 0, and Rad(y+§) Rad B(Y+5) Rad BS’ whence
Y+8)Rad B6 = 0, Thus Y(ezj_]) = 1 and there are al""’“Zj—Z € Fq, such
hat

23-2

v ( & x.e,) = 2 a.x%.
io1 i1 .2 171

Conversely, any vy € Q with Rad B6 c Rad vy and

y(ZJ{l X.e.) = ZJZ—Z x2 + x2
120 % 23-1




2j-1,
oices for al""’a2j—2 in Eﬁ, whence d 2i-1, (6) . We continue with

. 1 ] = _
j-2,2(6)' Suppose v € QZ(O) n sz_z(S). Then Rad v n Rad By = Rad § accord
g to 2.8.3. Note that there are

.

contained in Qi(O) n Qéj_z(S). Thus d (6) is the number of possible

23-3.23-2

23-3

[ ] = q2j—3[2%—2]

-2)-spaces U such that U n Rad By = Rad § (cf. (2.2.2.i1)).

We may (and shall) assume that there are f. ¢ Rad Bs\Rad §, and a basis

0
""’f2j—2 of a complement of Rad B6 in V such that fl""’ij—B are in U
d
j=l i-l i-l
BsCL Xifps I V£ = T X050 )+ X0 Yo
1=1 i=1 1=1
t X,y,2 € E}l be such that Y(fzj_z) = x, y(f ) =y and B (f2 2,f ) = z.

en z # 0 as rk v = 2.

Now Rad(By+6) = (zf
*6) (2fy s 5*Ep) = 25-3
f0)4-x = 0. Thus, given U, there are q(q-1) trlples (x,y,2) such that
# 0 and z26(f2j_3) + G(fo)i-x = 0. It follows that

2 34-f ) + Rad §, so rk(y+§) = 2j-2 iff

0. We obtain that v ¢ Q2(0) n Q2 2(6) iff z G(f ) +

25 _ .
] 3[23 2

- _ - 2j-2
2j_2,2(6) = q(q-1) q ;1=

4 qZJ—Z

(Cl _])’
desired.
The final number we shall determine here is d2j+1 2(6). For
b
€ Q2J+](6) n QZ(O) we have rk(y) = 2, rk(y+8) = 2j and dim(Rad vy n Rad §)

-2j=1. There are q (q—l) quadratic forms y of rank 2 with Rank vy n Rad §

given (n-2j-1)-space of Rad §. Clearly, all of them satisfy rk (y+0) =
+1., As the number of (n-2)-spaces U of V such that U n Rad 6§ is an

-2j-1)-space is q4J 2[n 23+1] by (2.2.2.iii), we get
_ 2, 43-2 n-2j+]
d2j+l,2(6) =q (q-1) q L 2 ]
43 -2j+1 23
= ¢ @ D @/,

d we are done. []
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'.8.7. ADDITIONAL PROPERTY. If n > 3, then Q is not distance-transitive;

lence Q is not isomorphic to Alt (though Q and Alt have identical intersec-—

:ion arrays).

'ROOF. (sketch). For q > 2, the statement is obvious by s(0,8) =1, q-1
iccording as § € Qé(O) or 8§ € Qi(O). For q = 2 a further argument is needed.

If v,8 € Q](O) denote by y*8 the unique ¢ ¢ Q such that

{0,v,8}" = {0,v,6,2} if v € Q(8)
and
{z} = Mn M- where M = QZ(O)n{\(,cS}'L if v € QZ(G).

hen for vy € Qé(O), there are z,n € Qé(O) with g+n ¢ QL(O). It follows that
Txy)*n # zx(y*n). On the other hand, if vy € Qi(O), then (z*y)#*n = g*(y#*n)
‘or all z,n € QI(O)' Hence, in the case (n > 3 and) q = 2, the graph Q is

ot distance-transitive.

Since Alt is distance-transitive, this proves the statements. []

..9. The polygons

..9.1. DEFINITION. The n-gon I is the graph whose points are the numbers
425...,0n and in which yI8 iff |y-8] € {1,n-1} for any two v,8 e I.

..9.2., PROOF OF THEOREM. (I): is left to the reader. The diameter d of I is
n/2]. 0O

..9.3. ADDITIONAL PROPERTIES.
1) Aut (I) the dihedral group of order 2n.

ii) Any distance-regular graph of diameter d with valency 2 is isomorphic
to I with n € {24,2d4+1}.
iii) If n is odd, then I'defined on the points of I with yI'S iff y € 12(6)

for v,8§ € I', is a graph isomorphic to I.




CONCLUDING REMARKS AND LOOSE ENDS

‘1 Here are some references to results of 'matrix-techniques' applied to

vecific distance-regular graphs (known to the author). They are chosen so

i to contain many other references themselves:

0] : Delsarte [10]; Ja: Delsarte [11], [12];
: Stanton [27];
: Delsarte [10], Stanton [28]; Ha: Delsarte [13];
t, Q : Delsarte & Goethals [14], Stanton [28];
T : Stanton [28].

2 If the quoted theorems on characterizations of distance-regular graphs
" intersection arrays cover the existing literature on this topic, one of
le first open problems arising in the context of 0.4 should be to determine
1 distance-regular graphs (if need be: whose singular lines have size

+2) whose intersection arrays coincide with one of the graphs Ha, Alt or

[

3 Trivalent graphs. In view of (2.9.3.ii), the question arises whether

e distance-regular graphs with valency 3 are known. The answer (BIGGS [5])
. that there are exactly 12 such graphs; the largest diameter occurring
ong them is 8., According to SMITH [25], there are 15 (non-isomorphic)

stance-transitive graphs with valency 4; their diameters are at most 12.

4 Suppose I' is a distance-regular graph of diameter d > 6 for which there
ists a number i € {2,3,...,d} such that a new distance-regular graph T
sults on the points of I' from the definition y e I'' (8) whenever y ¢ Fi(é) for
6§ € I''. Then, according to BANNAI and BANNAI [3], we have i e {2,d-2,d}.
note that (2.1.5), (2.4.4), (2.9.3.iii) are instances of this phenomenon.

5 The dual polar spaces E of 2.5 are associated with classical (Chevalley)

oups, while the automorphism groups of the graphs Alt, Her and Q defined
forms in 2.6, 2.7, 2.8 resemble certain parabolic sﬁbgroups of these

oups. In graph-theoretic terms, this might lead to a connection between

t, Her and Q on the one hand and Ei(X) for some X € E and 1 € {1,2,...,d}
the other.
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The following construction (designed by W.M. Kantor) provides the de-
sired insight in the case where the vector space V underlying E hés dimen-
sion 2d:

Let E be either a dual polar space or the graph Ja of d-spaces in the
2d-dimensional vector space V. Fix X € E and Y ¢ Ed(X), and choose bases
SERRRFE. S of X and YysesesYg of Y. Then XisneesXgs YyseeesVy is a basis of
V. To any Z € Ed(X), associate the dxd-matrix M(Z) determined by

/I M(Z)\

zZ = 1Y

on the given basis of V.

3.5.1. If E =Ja, then Z » M(Z) defines the bijection between.Jad(X) and Ha,
vhere the latter is the q-analog of Hamming on dxd-matrices. Moreover,
ZI’ZZ eJad(X) have distance j inJa iff dim er122 = d-j, which is equiva-
lent to rk(M(Z])-M(Zz)) = j. The conclusion is thatJad(X) is isomorphic to

ia.

3.5.2. Now, let E be a dual polar space associated with the form (v,w) »
v Aw on V (v,w € V), where the vectors and matrices are given with respect

to the above basis of V, and
/ 0 Id
A= > for € € {1,-1}.

Then Z is isotropic iff M(Z)T'FEM(Z) = 0. So if V is of type Sp(2d,q) (take
z = -1), then Z » M(Z) leads to an isomorphism from Ed(X) to the graph Q'
>f quadratic forms on a d-dimensional vector space as defined in (2.8.1).

Similarly, if V is of type Q+(2d,q) (take € = 1) and q is odd, then
Z » M(Z) induces a bijection from Ed(X) onto Alt, the alternating forms on
a d-dimensional vector space. Note that two points of Ed(X) cannot be adja-
cent in E and that they have distance 2 in E iff their images in Alt are
adjacent.

Finally, let V be of type U(2d,r), where q = r2, aﬁd consider the form
(v,w) » ;TAW, (v,w € V) for A as above. Let m ¢ IF  have norm -1. Then Z is
isotropic iff M(Z) is anti-hermitian, so that Z H}iM(Z) yields an isomorphism
Erom Ed(X) onto Her, the graph of hermitian forms on a d-dimensional vector

space V over IFq.




6 If T is a distance-regular graph with ey = 1, then {y,cﬁ}'L = {Y,G}ll for

iy Yy € T

rer c.
i

Moore geometry in the sense of DAMERELL [9]. It is shown by DAMERELL,

JGLISTER & GEORGIACODIS (cf. [9]1) and OTT [22] that no such graphs I' £ I

tist for d 2 3. Recently, DAMERELL & GEORGIACODIS [31] (and partly ROOS &

and § € T'(y), so singular lines have sizes s+ 1 = a1-+2. If, more-

1 for all i ¢ {1,2,...,d} where d is the diameter of T', then T is

N ZANTEN [23]), extended this result to the case where c; =1 for all
e {1,2,...,d-1} and 1 < cq < k.
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